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On decay of entropy solutions to multidimensional
conservation laws
Evgeny Yu. Panov
Abstract
Under a precise genuine nonlinearity assumption we establish the decay of en-
tropy solutions of a multidimensional scalar conservation law with merely contin-
uous flux.
1 Introduction
In the half-space Π = R+×R
n, R+ = (0,+∞), we consider a first order multidimensional
conservation law
ut + divx ϕ(u) = 0, (1.1)
where the flux vector ϕ(u) is supposed to be only continuous: ϕ(u) =
(ϕ1(u), . . . , ϕn(u)) ∈ C(R,R
n). Recall the notion of entropy solution to the Cauchy
problem for equation (1.1) with initial condition
u(0, x) = u0(x) ∈ L
∞(Rn) (1.2)
in the sense of S.N. Kruzhkov [5].
Definition 1.1. A bounded measurable function u = u(t, x) ∈ L∞(Π) is called an
entropy solution (e.s. for short) of (1.1), (1.2) if for all k ∈ R
|u− k|t + divx[sign(u− k)(ϕ(u)− ϕ(k))] ≤ 0 (1.3)
in the sense of distributions on Π (in D′(Π)), and
ess lim
t→0+
u(t, ·) = u0 in L
1
loc(R
n). (1.4)
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Condition (1.3) means that for all non-negative test functions f = f(t, x) ∈ C10(Π)∫
Π
[|u− k|ft + sign(u− k)(ϕ(u)− ϕ(k)) · ∇xf ]dtdx ≥ 0
(here “·” denotes the inner product in Rn).
As was established in [11, Corollary 7.1], after possible correction on a set of null
measure, an e.s. u(t, x) is continuous on [0,+∞) as a map t 7→ u(t, ·) into L1loc(R
n).
Thus, we may and will always suppose that e.s. satisfy the continuity property
u(t, ·) ∈ C([0,+∞), L1loc(R
n)).
In view of (1.4), we see that u(0, x) = u0(x) and in (1.4) we may replace the essential
limit by the usual one.
When the flux vector is Lipschitz continuous, the existence and uniqueness of e.s. to
the problem (1.1), (1.2) are well-known (see [5]). In the case under consideration when
the flux functions are merely continuous, the effect of infinite speed of propagation for
initial perturbations appears, which leads even to the nonuniqueness of e.s. to problem
(1.1), (1.2) if n > 1 (see examples in [6, 7]).
But, if initial function is periodic (at least in n − 1 independent directions), the
uniqueness holds: an e.s. of (1.1), (1.2) is unique and space-periodic, see the proof in
[8, 9, 10]. In general case there always exists the unique maximal and minimal e.s., see
[1, 9, 10].
The aim of the present paper is the study of the long time decay property of e.s. for
localized in space (in some wide sense) initial data under precise genuine nonlinearity
conditions on the flux vector. In the case of one space variable n = 1 and strictly convex
flux function ϕ(u) ∈ C2(R) the decay of e.s. is well-known, see the book [4] and the
references therein. In general multidimensional setting the decay property was studied
mainly for space-periodic e.s. The analytical approach to such study was developed by
G.-Q. Chen and H. Frid in [2]. In particular, in this paper the following decay property
for e.s. u = u(t, x) of (1.1), (1.2) was proved
lim
t→+∞
u(t, ·) = M, (1.5)
where
M =
1
|P |
∫
P
u0(x)dx
is the mean value of initial data. Here P is a fundamental parallelepiped (a cell of
periodicity) for the lattice of periods, and |P | (or, alternatively, measP ) denotes the
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Lebesgue measure of P . The above decay property was proved under rather restrictive
regularity and genuine nonlinearity requirements. In subsequent papers [12, 3, 13] these
requirements were significantly relaxed.
We will need in the sequel results of [13, Theorem 1.3]. Suppose that the initial
function u0 is periodic with a lattice of periods L, i.e., u0(x + e) = u0(x) a.e. on R
n
for every e ∈ L (we will call such functions L-periodic). Denote by P a fundamental
parallelepiped for the lattice L, and by L′ the dual lattice L′ = { ξ ∈ Rn | ξ · x ∈ Z ∀x ∈
L }. Let, as in (1.5), M =
1
|P |
∫
P
u0(x)dx.
Theorem 1.1. Suppose that
∀ξ ∈ L′, ξ 6= 0 the function u→ ξ · ϕ(u)
is not affine on any vicinity of M. (1.6)
Then the decay property (1.5) holds.
In this paper we suppose that the initial function is such that
∀λ > 0 meas{ x ∈ Rn : |u0(x)| > λ } < +∞ (1.7)
(in particular, this requirement is satisfied for u0 ∈ L
p(Rn), 1 ≤ p < ∞). Assume also
that the merely continuous flux vector ϕ(u) satisfies the following genuine nonlinearity
requirement
the vector ϕ(u) is not affine on any nonempty interval (a, b) such that ab = 0. (1.8)
To study the decay property, we introduce the topology on L∞(Rn) stronger than one
induced by L1loc(R
n). This topology is generated by the following norm
‖u‖X = sup
y∈Rn
∫
|x−y|<1
|u(x)|dx (1.9)
(where we denote by |z| the Euclidean norm of a finite-dimensional vector z). Obviously,
this norm is shift-invariant: ‖u(· + y)‖X = ‖u‖X for each y ∈ R
n. It is not difficult to
verify that norm (1.9) is equivalent to each of more general norms
‖u‖V = sup
y∈Rn
∫
y+V
|u(x)|dx, (1.10)
where V is any bounded open set in Rn (the original norm ‖ · ‖X corresponds to the unit
ball |x| < 1). For the sake of completeness we prove this result in Lemma 2.1 below.
Our main result is the following decay property.
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Theorem 1.2. If u(t, x) is an e.s. of (1.1), (1.2) then, under assumption (1.8),
lim
t→+∞
‖u(t, ·)‖X = 0. (1.11)
Notice that condition (1.8) is precise. In fact, if it fails, there exists an interval (a, 0)
or (0, b) where the vector ϕ(u) is affine. Assume for definiteness that ϕ(u) = uc+d on an
interval (0, b), b > 0, where c, d ∈ Rn. If initial function u0(x) is such that 0 ≤ u0(x) ≤ b
then an e.s. of (1.1), (1.2) is the traveling wave u(t, x) = u0(x − tc). If u0 6= 0 this e.s.
does not satisfy (1.11).
Remark that under assumption (1.7), u0(x − tc) → 0 as t → +∞ in L
1
loc(R
n) if the
speed c 6= 0. One of the reason for using the stronger topology of X is to exclude the
decay of such traveling waves.
2 Proof of the main results
2.1 Auxiliary lemmas
Lemma 2.1. The norms ‖ · ‖V defined in (1.10) are mutually equivalent.
Proof. Let V1, V2 be open bounded sets in R
n, and K1 = ClV1 be the closure of V1. Then
K1 is a compact set while y+V2, y ∈ K1, is its open covering. By the compactness there
is a finite set yi, i = 1, . . . , m, such that K1 ⊂
m⋃
i=1
(yi + V2). This implies that for every
y ∈ Rn and u = u(x) ∈ L∞(Rn)
∫
y+V1
|u(x)|dx ≤
m∑
i=1
∫
y+yi+V2
|u(x)|dx ≤ m‖u‖V2 .
Hence, ∀u = u(x) ∈ L∞(Rn)
‖u‖V1 = sup
y∈Rn
∫
y+V1
|u(x)|dx ≤ m‖u‖V2 .
Changing the places of V1, V2, we obtain the inverse inequality ‖u‖V2 ≤ l‖u‖V1 for all
u ∈ L∞(Rn), where l is some positive constant. This completes the proof.
Lemma 2.2. Let Xα, α ∈ N, be a countable family of proper linear subspaces of R
n.
Then there exists a lattice L ⊂ Rn such that L ∩Xα = {0} for all α ∈ N.
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Proof. Denote by Ln the linear space of linear endomorphisms of R
n, and by GLn the
group of linear automorphisms of Rn. It is clear that GLn is an open subset of Ln, this
set can be identified with the set of all n × n matrices with nonzero determinant. For
α ∈ N, ξ ∈ Zn, ξ 6= 0, we define the sets
Hξ,α = { A ∈ Ln : Aξ ∈ Xα }, H =
⋃
ξ∈Zn\{0},α∈N
Hξ,α.
Obviously, the sets Hξ,α are proper linear subspaces of Ln and therefore they have zero
Lebesgue measure in Ln. This implies that H is a set of zero measure as a countable
union of Hξ,α. Since the measure of GLn is positive (even infinite), then GLn 6⊂ H and
we can find A ∈ GLn such that A 6∈ H . We define the lattice L as the image of the
standard lattice Zn under the automorphism A: L = A(Zn). Since A /∈ H , we conclude
that L satisfies the required condition L ∩Xα = {0} ∀α ∈ N.
We define the set F ⊂ R consisting of points u0 such that the vector ϕ(u) is not
affine in any vicinity of u0, and denote F+ = F ∩ (0,+∞), F− = F ∩ (−∞, 0).
Lemma 2.3. Assume that genuine nonlinearity assumption (1.8) is satisfied. Then
supF− = inf F+ = 0. (2.1)
Proof. Supposing the contrary, we find that either supF− < 0 or inf F+ > 0. We
consider the latter case inf F+ > 0, the former case supF− < 0 is treated similarly. Let
0 < b < inf F+ (notice that inf F+ = +∞ in the case F+ = ∅). We see that (0, b)∩F = ∅,
that is, the vector ϕ(u) is affine in some vicinity of each point in (0, b). Therefore,
ϕ(u) ∈ C∞((0, b)) and ϕ′(u) is piecewise constant continuous function on (0, b). This is
possible only if ϕ′(u) is constant, ϕ′(u) ≡ c ∈ Rn. This implies that ϕ(u) = uc + d on
(0, b), d ∈ Rn. Hence, the vector ϕ(u) is affine on (0, b), which contradicts to (1.8).
2.2 Proof of Theorem 1.2
The proof is relied on the decay property for periodic e.s. First we choose a lattice of
periods L.
Let J be the sets of intervals I = (a, b) with rational ends a, b ∈ Q such that I∩F 6= ∅.
It is clear that J is a countable set. For each I ∈ J we define the linear sets
XI = { ξ ∈ R
n : the function u→ ξ · ϕ(u) is affine on I }.
Then XI 6= R
n, otherwise, the entire vector ϕ(u) is affine on I, which contradicts to the
condition that I is a neighborhood of some point u0 ∈ I∩F . Hence XI , I ∈ J , are proper
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linear subspace of Rn. By Lemma 2.2 we can find a lattice L1 in R
n such that ξ /∈ XI
for all ξ ∈ L1, ξ 6= 0, and all I ∈ J . Let L = L
′
1 = {e ∈ R
n : ξ · e ∈ Z ∀ξ ∈ L1} be the
dual lattice. Then by the duality L1 = L
′. By the density of Q, any nonempty interval
(a, b) intersecting with F contains some interval I ∈ J . Since every nonzero ξ ∈ L′ = L1
does not belong to XI , we claim that the function ξ · ϕ(u) is not affine on I and, all the
more, on (a, b). Hence,
∀ξ ∈ L′, ξ 6= 0, the function u→ ξ · ϕ(u)
is not affine on intervals intersecting with F. (2.2)
Let ek, k = 1, . . . , n, be a basis of the lattice L. We define for r > 0 the parallelepiped
Pr =
{
x =
n∑
k=1
xkek : −r/2 ≤ xk < r/2, k = 1, . . . , n
}
.
It is clear that Pr is a fundamental parallelepiped for a lattice rL. We introduce the
functions
v+0r(x) = sup
e∈L
u0(x+ re), v
−
0r(x) = inf
e∈L
u0(x+ re).
Since L is countable, these function are well-defined in L∞(Rn), and ‖v±0r‖∞ ≤ C0
.
=
‖u0‖∞. It is clear that v
±
0r(x) are rL-periodic and
v−0r(x) ≤ u0(x) ≤ v
+
0r(x). (2.3)
We denote
Vr(x) = sup
e∈L
|u0(x+ re)|, Mr =
1
|Pr|
∫
Pr
Vr(x)dx.
It is clear that for a.e. x ∈ Rn
|v±0r(x)| ≤ Vr(x) ≤ C0.
Let us show that under condition (1.7)
Mr → 0 as r → +∞. (2.4)
For that we fix ε > 0 and define the set A = { x ∈ Rn : |u0(x)| > ε }. In view of (1.7)
the measure of this set is finite, measA = p < +∞. We also define the sets
Aer = { x ∈ Pr : x+ re ∈ A } ⊂ Pr, r > 0, e ∈ L, Ar =
⋃
e∈L
Aer.
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By the translation invariance of Lebesgue measure we have∑
e∈L
measAer =
∑
e∈L
meas(re+ Aer) =
∑
e∈L
meas(A ∩ (re+ Pr)) = measA = p.
This implies that
measAr ≤
∑
e∈L
measAer = p. (2.5)
If x /∈ Ar then |u0(x+ re)| ≤ ε for all e ∈ L, which implies that Vr(x) ≤ ε. Taking (2.5)
into account, we find∫
Pr
Vr(x)dx =
∫
Ar
Vr(x)dx+
∫
Pr\Ar
Vr(x)dx ≤ C0measAr + εmeasPr ≤ C0p+ ε|Pr|.
It follows from this estimate that
lim sup
r→+∞
Mr ≤ lim
r→+∞
(
C0p
|Pr|
+ ε
)
= ε
and since ε > 0 is arbitrary, we conclude that (2.4) holds. Let
M±r =
1
|Pr|
∫
Pr
v±0r(x)dx
be mean values of rL-periodic functions v±0r(x). In view of (2.4)
|M±r | ≤ Mr →
r→∞
0. (2.6)
By (2.6) and (2.1) we can find such values B−r , B
+
r ∈ F , where r > 0 is sufficiently large,
that B−r ≤ M
−
r ≤ M
+
r ≤ B
+
r , and that B
±
r → 0 as r → ∞. We define the rL-periodic
functions
u+0r(x) = v
+
0r(x)−M
+
r +B
+
r ≥ v
+
0r(x), u
−
0r(x) = v
−
0r(x)−M
−
r +B
−
r ≤ v
−
0r(x)
with the mean values B+r , B
−
r , respectively. In view of (2.3), we have
u−0r(x) ≤ u0(x) ≤ u
+
0r(x). (2.7)
Let u±r be unique (by [8, Corollary 3]) e.s. of (1.1), (1.2) with initial functions u
±
0r,
respectively. Taking into account that (rL)′ = 1
r
L′, we derive from (2.2) that condition
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(1.6), corresponding to the lattice rL and the mean value M = B±r ∈ F , is satisfied. By
Theorem 1.5 we find that
lim
t→+∞
∫
Pr
|u±r (t, x)−B
±
r |dx = 0. (2.8)
By the periodicity, for each y ∈ Rn∫
y+Pr
|u±r (t, x)− B
±
r |dx =
∫
Pr
|u±r (t, x)− B
±
r |dx,
which readily implies that for V = IntPr
‖u±r (t, x)− B
±
r ‖V =
∫
Pr
|u±r (t, x)−B
±
r |dx.
In view of Lemma 2.1 we have the estimate
‖u±r (t, x)− B
±
r ‖X ≤ C
∫
Pr
|u±r (t, x)− B
±
r |dx, C = Cr = const.
By (2.8) we claim that
lim
t→+∞
‖u±r (t, ·)−B
±
r ‖X = 0. (2.9)
Let u = u(t, x) be an e.s. of the original problem (1.1), (1.2) with initial data u0(x). Since
the functions u±0r are periodic, then it follows from (2.7) and the comparison principle
[8, Corollary 3] that u−r ≤ u ≤ u
+
r a.e. in Π. This readily implies the relation
‖u(t, ·)‖X ≤ ‖u
−
r (t, ·)‖X + ‖u
+
r (t, ·)‖X ≤
‖u−r (t, x)−B
−
r ‖X + ‖u
+
r (t, x)− B
+
r ‖X + c(|B
−
r |+ |B
+
r |), (2.10)
where c is Lebesgue measure of the unite ball |x| < 1 in Rn. In view of (2.9) it follows
from (2.10) in the limit as t→ +∞ that
lim sup
t→+∞
‖u(t, ·)‖X ≤ c(|B
−
r |+ |B
+
r |).
Since B±r → 0 as r →∞, the latter relation implies the desired decay property
lim
t→+∞
‖u(t, ·)‖X = 0.
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